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Abstract

A hybrid derivative-free double step length technique is proposed in this work in order to en-
hance the numerical results and convergence properties of the double direction and step length
scheme. This is accomplished by combining a Picard-Mann hybrid iterative method proposed
by Khan [Fix Point Theory and Applications, pp. 1-10, vol.69 (2013) ] with the double step length
approach. A derivative line search is employed in order to compute the two step lengths. Fur-
thermore, a suitable acceleration parameter is developed to approximate the Jacobian matrix.
Under some mild conditions, the proposed method is shown to converge globally. The numer-
ical experiment presented in this paper illustrates the efficiency of the proposed method over
some existing methods.

Keywords: acceleration parameter; double direction and step length; global convergence; hy-
bridization; Jacobian matrix.
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1 Introduction

Many researchers in the fields of sciences, engineering, and other relevant areas try to achieve
results with models in the form of a system of nonlinear equations

F(a) =0, (1)
where F' : R* — R” is nonlinear map.

Moreover, (1) can be obtained from an unconstrained optimization problem [9] Let f be a
merit function defined by

fla) = SIF@]? @)

Then the problem of nonlinear equations (1) is equivalent to the following problem of global
optimization
min f(a), a€R". (3)

The study of such mappings is used in many scientific fields, such as economic [18] and chemi-
cal [10] equilibrium systems. It has practical application in Chandrasekhar H-equation that arises
in the theory of radiative heat transfer in nonlinear integral equation [19] as well. Newton [4] and
quasi-Newton [20] methods are among the iterative methods used to solve these problems. Their
pertaining iterative procedure is given by

ap+1 = Ak + Sk, Sk = ardi, k=0,1,... (4)

where oy, is a step length, a;1 represents a new iteration, ay, is the previous iteration, while dy, is
the search direction.

Newton’s method is very welcome because of its nice properties such as rapid convergence
rate from a reasonably good starting and Newton’s search direction dy, is given by

dy = —(F}) ' Fy, (5)

where FJ is the Jacobian matrix of Fj, at a;. However, in Newton’s method, the Jacobian matrix and
its inverse are computed at each iteration, which invokes the first-order derivative of the system. It
is well known that the computation of some function derivatives is not always available or cannot
be obtained precisely in practice. In this case, Newton’s method cannot be applied directly. For
this reason, quasi-Newton’s methods were developed to replace the Jacobian matrix or its inverse
with an approximation which can be updated at each iteration [9, 20, 3], and its search direction
is given by
dy, = =B, ' Fy,

where By, is n x n matrix that approximate the Jacobian of F' at xj,. In addition, the most outstand-
ing class of quasi-Newton update B}, needs to satisfy the secant equation

Brsig—1 = yr-1,

where, y,_1 = Fj, — Fi—1 and s,_1 = ar — ar—1. In addition, the search direction dy, is usually
required to satisfy the descent condition

Vf(ak)Tdk <0.
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If dj, is a descent direction of f at a, then inequality

flar + agdy) < flag), (6)

holds for all o, > 0 sufficiently small.

A suitable step length oy, is needed for the methods to converge globally. The step length ay,
can also be computed either exact or in exact. The best line search rule is the exact one [21] that
satisfies

f(ak + akdk) = gli%f(ak + Oédk). (7)

By using the iterative procedure (4), the step length requirement is to sufficiently decrease the
function value to achieve global convergence. However, in practical computation, determining
the exact step length is difficult, if not impossible. As a result, inexact line search is the most
commonly used line search in practice. Brown and Saad [2] proposed the following inexact line
search rule to obtain the step length oy,

flag + ardy) — f(ay) < ooV f(ar)" dg, (8)

where o € (0, 1). Itis clear from the technique in (8), that the Jacobian matrix must be computed
at each iteration, which increases the computing difficulty, especially for large-scale problems or
when the matrix is expensive to compute. Consequently, Yuan* and Lu [20] present a new back-
tracking inexact technique for obtaining the step length «;, as follows:

1F (ar, + awdi) > < 1F(ar)|® + 60i F (ar) " dr, )

where § € (0,1). Another derivative-free line search is proposed by Li and Fukushima in [9],
which computes the step length «;, as follows:
Let w; > 0, ws > 0and r € (0,1) be constants and let {7} be a given positive sequence such that

an <n < oo, (10)
k=0
flag + ardr) — f(ar) < —wi |l F (ar)||* — walleuwdi||* + i f (ax). (11)

Let iy, is the smallest non negative integer i such that (11) holds for o = r’. Let oy, = 1.

The paper is organized as follows. The literature review is presented in Section 2. Assumptions
and Notations are presented in Section 3. In Section 4, the algorithm of the proposed method
is presented. In Section 5, some numerical results are reported. The discussion is presented in
Section 6, and the conclusion is made in Section 7.

2 Literature Review

Despite the appealing characteristics of the Newton and quasi-Newton’s methods, they require
the Jacobian computation or its approximation at each iteration. Thus, they are not ideal for solv-
ing large-scale problems. Due to this shortcoming, the idea of the double direction approach is
presented by Duranovic-Milicic, in [11], via

Ap+1 = ai + apdy + Ozibk, (12)
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where, by, and dy, are search directions respectively. Nonetheless, Duranovié et al. [12] also pro-
posed the algorithm for minimizing non-differentiable function using the double direction ap-
proach. Motivated by the work in [12], Petrovié and Stanimirovié, [15] proposed a double di-
rection method for unconstrained optimization problems. In their work, an approximate Hessian
matrix is obtained via acceleration parameter v i.e.

V2 flar) =, (13)

where /2 f(x},) is the Hessian matrix and f : R® — R. The interesting feature of the scheme in
[15] is that the two derivative-free directions were presented in the scheme, where the first direc-
tion approximated the Hessian with diagonal matrix through acceleration parameter. In contrast,
the second one is a derivative-free direction, allowing the method to solve large-scale problems.
However, the study of double direction methods for solving systems of nonlinear equations is
infrequent in the literature. This motivated Halilu and Waziri [7] to use the scheme in [15] and
proposed a derivative-free method via double direction approach for solving a system of non-
linear equations. In their work, the Jacobian matrix is approximated via acceleration parameter
vk > 0, ie.,

F| ~ il (14)

where I is an identity matrix. However, In [1], Abdullahi et al. modified the idea in [7] in solv-
ing the conjugate gradient approach, the method converged globally using the derivative-free line
search proposed in [9]. The rationale behind the double direction method is that there are two
corrections in the scheme (12); if one correction fails during the iterative process, then the sec-
ond one will correct the system. To improve the performance of the scheme in [15] numerically,
Petrovié, presented the accelerated double step size model for unconstrained optimization [13],
and its iterative scheme is given by

ap41 = ay + apdr + Brcr, (15)

is considered in this work. Here o, and 3, denote the step lengths, and dj, and c;, generate search
directions [13].

The numerical results indicated that the method in [13], performed better than the double di-
rection method [15], because of the contribution of the double step length scheme used in [13].
In [6], Halilu and Waziri also incorporated the idea of in (15), and proposed the transformed
double step length method for solving system of nonlinear equations to enhance the numerical
performance of double direction method in [7]. The numerical results presented in their work
showed that the method in [6] converged faster than [7]. Furthermore, Motivated by the work
in [6], recently, Halilu and Waziri presented an inexact double step length approach in [8]. The
extensive numerical experiments showed that the method performed exceptionally well by com-
paring it with the existing method in the literature. The attractive feature of the technique in [8]
is that it has double step length and single direction.

Petrovié et al. [16] improve the convergence properties, and numerical results of the double
direction method in [15] by hybridizing the scheme with Picard-Mann hybrid iterative process
proposed by Khan in [17]. The Picard-Mann hybrid iterative process is defined as three relations:

a; =ace€ IR”,
v = (1 —m)ar + T (ar), (16)
Q41 = T(Uk)v ke Na

where T' : 2 — Q is a mapping defined on nonempty convex subset 2 of a normed space E, ay,
and vy, are sequences determined by the iteration (16), and {7} is the sequence of positive num-
bers in (0, 1). Following that, in [14], the hybridization rule in [17] is applied to the double step
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length scheme in order to improve the convergence properties of the double step length method
in [13].

Based on the literature reviewed above, it can be concluded that using the hybridization pro-
cess is an excellent way to improve the convergence properties and numerical experiments of some
existing methods. Therefore, motivated by the idea presented by Petrovié in [14] and the approx-
imation in (14), this paper aims to develop a hybrid double direction and step length method for
solving a system of nonlinear equations via

F} ~ 0, 'y1,
where, 6, and ~, are the correction and acceleration parameters, respectively.
The following research questions might be posed by someone.

Why double direction and step length?

The double direction and step length are because most methods for solving nonlinear equations
are single-direction methods. One disadvantage of these methods is that they only have one cor-
rection in their iterative scheme, so if the correction fails, the system will collapse. The rational
behind the double direction and step length approaches are that the scheme contains two correc-
tions. The second will correct the system if one fails during the iterative process.

Table 1: Authors’ contribution table.

Author’s Name Derivative-free | Matrix-free | Double Direction | Double step length | Hybridization | System of nonlinear equations
Dennis and Schnabel [4] no no no no no no
Li and Fukushima [9] yes no no no no yes
Yuan and Xiwen [20] yes no no no no yes
Waziri et al. [19] yes no no no no yes
Duranovic [11] yes yes yes no no no
Halilu and Waziri [6] yes yes yes no no yes
Duranovic and Filipovic [12] yes yes yes no no no
Halilu and Waziri [7] yes yes yes no no yes
Petrovic and Stanimirovic [15] yes yes yes no no no
petrovic [13] yes yes yes yes no no
petrovic etal. [16] yes yes yes no yes no
petrovic [14] yes yes yes yes yes no
Abdullahi etal. [1] yes yes yes no no yes
Halilu and Waziri [8] yes yes no yes no yes
This article yes yes yes yes yes yes

The followings are some of the contributions of this paper.

e This paper presents a hybrid derivative-free double step length approach that approximated
the Jacobian matrix via the acceleration parameter.

o The new search direction is proposed so that it satisfies the decent condition.

o The correction parameter is derived using the Picard-Mann iterative scheme to improve the
convergence properties and numerical experiments of some existing double direction and
step length methods.

o There are two corrections in the double direction and step length scheme. Therefore, if one
correction fails during the iterative process, the second one will automatically correct the
system.
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3 Assumptions and Notations

Let us start by defining the level set
S = {al[|F(a)l] < || Foll}- (17)

Assumption 1.

(1) There exists a* € R™ such that F'(a*) = 0.
(2) F is continuously differentiable in some neighborhood say M of a* containing S.

(3) The Jacobian of F'is bounded and positive definite on M, i.e there exists a positive constants
H > h > 0 such that

IF(a)ll < H Vae€ M, (18)
and
h||d||? < d'F'(a)d Ya € M,d € R". (19)
Remarks:
Assumption 1 implies that there exists a constants A/ > m > 0 such that
hlld]| < | F'(a)d|| < Hl|d]| Va € M,d € R". (20)
hlla —b| < [|F(a) — F(b)|| < H||la—b| Va,be M. (21)
In particular Ya € M we have
hlla —a*|| < [[F(a)l| = [[F(a) = F(a®)]| < Hl|a = ™[], (22)

where a* stands for the unique solution of (1) in M. Since §~'v;I approximates F'(a) along
direction s, another assumption can be contemplated.

Assumption 2.

61,1 is a good approximation to F, i.e.,

I(Ff, = 0 e D) di || < €l Frll (23)

where € € (0, 1) is a small quantity and 6 € (1, 2) is a correction parameter.

Notations.

e The space R" denote the n—dimensional real space.

I - || is the Euclidean norm.

Fk = F(ak).
® S = ap41 — Ak

® Y = Fk+1 - Fk

Fl = F'(az).
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4 Main Result

The computation of two step lengths a;, and 8, as well as the derivation of the acceleration
parameter, is presented in this section. Now, let the two directions, ¢; and dj, in (15) to be defined

as:

cp = — Ik, (25)
so by putting (24) and (25) in to (15) the following equation is obtained
ap1 = ar — (ak + )y, Fr- (26)
Now, from Taylor series expansion of the first order, the approximation of Fj, is presented
Fyi1 ~ Fy + F'(6)(ak+1 — ax), (27)
where the parameter § € [ag, ax4+1],
0= ap + ¢(apt1 —ar) = ap + d(ar + Bxye)dy 0< ¢ < 1. (28)
By taking ¢ = 1in (28), § = ag41. Therefore,
F/(6) ~ . (29)
This approximation implies

Yk = Ve+15k; (30)

where, yi, = Fi41—Fk, sk = (ax+ 587k )di. By multiplying both side of (30) by y,{, the acceleration
parameter ;41 can be computed in the following way:

Yi U . (31)
g + Bevi)yE dy,

Ve+1 = (
To present the hybrid type of derivative-free double direction method, the mapping 7" in (16)
is redefined by T'(vi,) = v, — (ag + ﬁk’Yk)’Yk_le- By this definition and (16),

ap =z € R,
ok = (1= ne)ar + neT(ar) = ar — ek + Bryi) Ve Frs (32)
a1 = T(vr) = vk — (o + Brye) v Fry kK EN.
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From the second and third equations in (32) we obtain the second iterative scheme,
ar1 = ar — Ok(ar + By v, Fr (33)

where, 0, = (nx + 1) and 1, € (0,1). Define n = n, so that § = (n+ 1) € (1,2) is a correction
parameter. From (33). Therefore, the proposed search direction is defined as:

dy = —0v, ' F}. (34)
Finally, from (33) and (34), the general scheme is given as:

ap+1 = ak + (o + Brve)d. (35)

Algorithm 1: Hybrid Double direction and step length method (HDDSL).

Input: Given zg, 0 =1, =10"%, w; > 0,ws > 0and ¢,r € (0,1), set k = 0.

Step 1: Compute Fj.

Step 2: If || F;|| < e then stop, else goto step 3.

Step 3: Compute search direction dy = —0v; ' Fj.

Step 4: Set ar1 = ar + (o + Bryk)di. Let o, = 7™ and Sy, = ¢"™*, with my, being the
smallest nonnegative integer m such that

flag + Medy) — flar) < —wr|| M Frl|? — wol Medi||> + e f (ar), (36)

where A\, = oy + Biyi and {7} is a given positive sequence such that

Y e <n< oo (37)
k=0

Step 5: Compute Fj, 1.

y{yk
(o + Brvi)yd du
Step 7: Set k = k + 1, and go to step 2.

Step 6: Update v,4+1 =

5 Convergence Analysis

The global convergence of Algorithm 1 (HDDSL) is presented in this section.

Lemma 5.1. Suppose that Assumption 2 holds and {ay, } be generated by Algorithm 1. Then dy, is a descent
direction for f(ay) at ay, i.e
v f(ax)tdy, < 0. (38)

Proof. From (2), (23) and (34),

Vf(ax)Tdy = FT Fldy,
= Fl((F, — 0~ 'y.I)di — Fy] (39)
= FI(F), — 0 'yD)di — || Fyl%

336



A.S. Halilu et al. Malaysian J. Math. Sci. 16(2): 329-349 (2022) 329 - 349

and by Cauchy-Schwarz,

1ElI(Fx — 0~ v Dl — | Fx
—(1 = e[|

v f(ax)"dy, (40)

IN A

Hence, for € € (0,1) this lemma is true. By Lemma 5.1, we can deduce that the norm function
f(ax) is a descent along dj, , which means that || Fj11|| < ||Fx|| is true. O

Lemma 5.2. Suppose that Assumption 2 hold and {a} be generated by Algorithm 1. Then {a)} C S.

Proof. By lemma 5.1, || F41]| < ||Fk||. Moreover, we have for all k.
|Ferall < 1Fll < [1Fecall < .. < 1Bl
This implies that {a;} C S. O
Lemma 5.3. Suppose that Assumption 1 holds {ay} is generated by Algorithm 1. Then there exists a
constant m > 0 such that for all k.
vk sk = hllskl®. (41)

Proof. By mean-value theorem and (19),

Yk sk = sk (Fzr1) — F(zx)) = sp F'(Qsw = hlsil?,

where { =z, + ((ag41 —ax), ¢ € (0,1). O

Using y{'si. > h||sg||? > 0, v+1 is always generated by the update formula (31). Therefore,
~+11 inherits the positive definiteness of v, I. From Lemma 5.3 and (21), the following inequality
holds,

T 2 H2
||51€|| Yi Sk h

Lemma 5.4. Suppose that Assumption 1 holds and {ay} is generated by Algorithm 1. Then

lim || Ardi| =0, (43)
k—o0

and
lim ||\, Fx| = 0. (44)
k—o0

Proof. By (36) and forall £ > 0,

wal[ Ak < w1 AeFrll” + wal| Ardi

(45)
< Fl? = 1 Feall? + il F 1.
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By summing the above inequality,

k k k
wa Y INdill® <D (IENP = 1Figal?) + > mill il
1=0 1=0 =0
k
= Bl = 1 Fxia|” + D mll E 1P
1=0
N (46)
< |Foll® + 1Bl mi
=0
< |Foll” + 1Rl mie
=0

Thus, from level set and fact that {n;, } satisfies (37), then the series Z | \id;||* is convergent. This
i=0

implies (43). By similar arguments as above but with wy | Ay F'(z)|* on the left hand side, (44)

holds. O

Lemma 5.5. Suppose that assumption 1 holds and {ay,} is generated by Algorithm 1. Then there exists
some positive constants mo such that for all k > 0,

il < mo, (47)

Proof. From (21), (31), and (34)

Ne—1Yp_1dk—1

Fy
y]z_1yk—1

lldi|| = H—9

Yl sk—1F%
llye—1]|?
O Fx sk —1 w1l

= h2||sp_1 |2 (48)

< O E:H]sp-

h2||3k—1||

_ Ol H

S 72

_ O FllH

S 2

—0

Taking mo = w, (47) is obtained. O

Theorem 5.1. Suppose that Assumption 1 holds and {ay,} is generated by Algorithm 1. Assume further
forall k>0,

|FyF dy
A >c , (49)
[l
where ¢ > 0. Then,
lim || Fg|| = 0. (50)
k—o00
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Proof. From Lemma 5.5, (47) is obtained. Therefore by (43) and the boundedness of {||dx]| },
lim Ag|ldg||* =0, (51)
k—o0

from (49) and (51), the following condition holds.

lim |Ffdy| = 0. (52)
k—o0
On the other hand from (34),
Fyl dy = =07 || F, (53)
171 = | = Fy dk ™ ] (54)
= 07 il | F .
But,
ol M1V i1 Yiask-r _ bllseall® o hllsi—all® _ b
i [ lyr—1ll> = llyp—all® = H2[lse—al*  H?
Then, ,
H
] < W (55)
However, from (54) and (55),
H2
Full? <|Fldel | - ) -
7P < 15 el (56)
Therefore,
H2
0< IR? < IFFdl (g ) —o 57)
Therefore
lim || F|| = 0. (58)
k—o0
The proof is completed. O

6 Numerical Results

In this section, some numerical results are provided to show the effectiveness of the proposed
method by comparing it with the following existing methods in the literature.

¢ Aninexact double step length method for solving systems of nonlinear equations (IDSL)[8].

e An improved derivative-free method via double direction approach for solving systems of
nonlinear equation(IDFDD) [7].

For the HDDSL Algorithm, the following parameters are set. w; = wy = 107%, r = 0.2 and

qg=03. n = 5- The parameters of IDSL and IDFDD algorithms are taken from [8] and

_
(k+1)
[7] respectively.
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The computer codes used were written in Matlab 9.4.0 (R2018a) and run on a personal com-
puter equipped with a 1.80 GHz CPU processor and 8 GB RAM. The algorithms were implemented
with the same line search (36) in the experiments. The iteration is set to stop for the three meth-
ods if ||Fy|| < 107%, or when the iterations exceed 1000 but no point of aj, satisfying the stopping
criterion is obtained. The symbol -’ represents failure due to; (i) Memory requirement (ii) the
Number of iterations exceeding 1000. To show the extensive numerical experiments of HDDSL,
IDSL, and IDFDD methods, we have tried these methods on the previous eight Benchmark test
problems with different initial points and dimensions (n values) between 100 to 10,000.

Table 2: Initial points.

INITIAL POINTS (IP) VALUES

11 T
al (3:3:3)
11 1
a2 (3% -@)T
3 3 3
a3 (33 ?§)T
2 2 2
a4 (3,2, 3) .
12 1
a5 (0.5.5-1-7%)
1 -1 om\T
a6 (Z’ R )
11 1\T
a7 (L33 5)
1. Problem 1 [8]
F(a) = Ba+ ¢y,
2 -1
0o 2 -1
where, B = ,and ¢; = (e — 1,...,e% — 1)7.
-1
-1 2
2. Problem 2 [1]
F(a) = Ba+ ca,
2 -1
0o 2 -1
where, B = ,and ¢; = (sina; — 1,...,sina, — 1)7.
-1
-1 2
3. Problem 3[6]
Fy=a — 6cos(a}li({2)
aj—1taitaiqi
F,=a; - eCOS( mHt ),

ap—1tan )

_ cos (2145 _
F,=a,—c¢ + 1=2,3,....,n—1.

4. Problem 4 [8]
Fi(a)= (1 —a?)+ a;(1 + ajan—san_1a,) —2, i=1,2,..,n.

340



A.S. Halilu et al. Malaysian J. Math. Sci. 16(2): 329-349 (2022) 329 - 349

5. Problem 5 ,
Fi(a) = a; — 3a; ($2% —0.66) +2, i=1,2,..,n.

6. Problem 6: The discretized Chandrasehar H-equation (problem of integral equation arising
in radiative heat transfer)
-1
Fila)=a;— [1- 2> 2% ) i=12..n, j=12,.n.

Pl + 1y

with ¢ € [0,1) and p = =22, (In our experiment we take ¢ = 0.1).

7. Problem 7 [7]
Fi(a) =2a; —sin|a;|, i=1,2,...,n.

8. Problem 8
Fi(a) = ai(af +a3) — 1,
Fi(a) = ai(a?_; +2a7 +a? ) — 1
Fu.(a)=an(a?_;+d?). i=2,3,...,n— 1.

Table 3: Numerical results of Problem 1.

HDDSL IDSL IDFDD
NI CT  RJ NI CT _ |R| NI__CT |
100 al 19 0.086046 7.56E-05 21 0.039053 6.79E-05 44 0.119926 8.47E-05
a2 17 0.09443 6.73E-05 20 0.054056 6.64E-05 38 0.107599 9.01E-05
a3 23 0.068536 9.07E-05 22 0.056029 8.48E-05 52 0.132793 8.69E-05
ad 19 0.073777 5.92E-05 23 0.077724 5.24E-05 43 0.124381 8.42E-05
ab 21 0.078571 5.3E-05 21 0.069383 8.87E-05 47 0.136727 8.71E-05
a6 18 0.053883 5.31E-05 21 0.067299 5.95E-05 39 0.10678 7.95E-05
a7 17 0.088059 5.21E-05 20 0.048554 9.03E-05 36 0.100868 9.24E-05
1,000 al 20 0427984 5.11E-05 24 0448418 8.33E-05 46 1.132894 8.26E-05
a2 17 0.355284 6.2E-05 22 0.383085 9.86E-05 42 0.948192 8.66E-05
a3 20 0.400495 8.62E-05 24 0.403832 6.94E-05 48 1.062128 9.58E-05
ad 19 0413405 9.63E-05 23 0.418959 8.24E-05 45 1.041173 7.73E-05
ab 21 0414048 7.36E-05 24 0.426779 7.09E-05 47 1.045997 8.3E-05
a6 16 0.319878 8.07E-05 23 0.410682 5.48E-05 40 0.892642 9.23E-05
a7 17 0336022 5.2E-05 20 0.350069 9.53E-05 36 0911509 9.3E-05
2,000 al 20 1511404 8.28E-05 24 1.512597 7.89E-05 47 3.65381 9.41E-05
a2 18 1.326404 5.05E-05 23 1.429866 6.19E-05 44 3.521878 7.78E-05
a3 21 1.499297 4.61E-05 24 1.461959 9.55E-05 51 4.101937 8.91E-05
ad 19 1.397923 8.53E-05 24 1.432547 7.51E-05 46 3.726025 9.93E-05
ab 20 1.427108 9.31E-05 24 1.489955 8.92E-05 52 4.742935 8.2E-05
a6 16 1.119568 8.9E-05 23 1.430295 b5.11E-05 42 3.436851 9.3E-05
a7 17 1.281192 5.2E-05 20 1.232176 9.56E-05 36 3.241174 9.3E-05
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Table 4: Numerical results of Problem 2.

HDDSL IDSL IDFDD

NI CT  |mJ NI CT  |m| NI__CT __ |Rl

100 al 18 0.062572 5.69E-05 16 0.043041 8.58E-05 26 0.078548 9.75E-05
a2 21 0.059264 8.42E-05 14 0.042393 6.73E-05 34 0.098625 7.79E-05

a3 24 0.074858 5.56E-05 17 0.047558 6.89E-05 37 0.117063 9.59E-05

a4 19 0.056566 8.93E-05 14 0.041349 591E-05 31 0.094199 7.37E-05

ab 23 0.072131 6.63E-05 16 0.050072 6.89E-05 35 0.143327 8.81E-05

a6 24 0.065612 5.29E-05 16 0.050092 8.79E-05 36 0.095618 1E-04

a7 23 0.084185 8.93E-05 15 0.045582 8.53E-05 35 0.097265 8.71E-05
1,000 al 18 0.390192 59E-05 16 0.289141 5.79E-05 28 0.641491 7.86E-05
a2 22 0.462563 9.25E-05 14 0.244885 9.32E-05 37 0.907733 9.47E-05

a3 25 0.578908 8.99E-05 18 0.303107 7.86E-05 41 0.962955 8.17E-05

ad 21 0.484974 6.63E-05 14 0.253508 6.48E-05 34 0.857877 8.92E-05

ab 24 0.534088 8.86E-05 17 0.304339 6.28E-05 39 0.947689 7.89E-05

a6 24 0497849 7.18E-05 16 0.292897 6.32E-05 40 0.950097 8.78E-05

a7 23 0.500307 8.76E-05 15 0.25549 8.39E-05 39 0.915183 8.07E-05
2,000 al 20 1.534464 5.69E-05 15 0.938192 8.33E-05 29 2.448305 7.26E-05
a2 22 1.62065 9.31E-05 15 0.912588 6.04E-05 38 3.268568 9.72E-05

a3 25 1.996947 6.07E-05 19 1.156874 5.41E-05 42 3.544581 8.37E-05

a4 21 1.659435 6.3E-05 14 0.883999 7.78E-05 35 3.010445 9.15E-05

ab 24 1.879494 7.51E-05 17 1.041232 8.36E-05 40 3.329917 8.11E-05

ab 26 2000885 7.42E-05 16 0.971261 6.45E-05 41 3.415999 9.01E-05

a7 24 1914637 6.15E-05 15 0.951498 9.28E-05 40 3.329539 8.32E-05

Table 5: Numerical results of Problem 3.

HDDSL IDSL IDFDD

NI CT  m| NI CT _ |R| NI __CT__ |A]

1,000 al 5 0.005064 2.18E-05 20 0.029283 6.69E-05 88 0.039125 7.72E-05
a2 5 0.004858 248E-05 20 0.016974 7.59E-05 88 0.041215 8.77E-05

a3 5 0.005357 1.2E-05 19 0.016551 7.35E-05 85 0.041695 9.66E-05

a4 5 0.004579 228E-05 20 0.009005 6.99E-05 88 0.045116 8.07E-05

a5 5 0.005276 1.7E-05 20 0.008642 5.21E-05 87 0.037374 7.91E-05

a6 5 0.002724 292E-05 20 0.023986 8.95E-05 89 0.044046 7.85E-05

a7 5 0.005249 2.67E-05 20 0.011291 8.18E-05 88 0.04363  9.44E-05
10,000 al 5 0.020228 6.93E-05 22 0.069044 5.29E-05 103 0.288239 8.13E-05
a2 5 0.018162 7.87E-05 22 0.062359 6E-05 103  0.267648 9.23E-05

a3 5 0.016448 3.81E-05 21 0.080194 5.81E-05 101 0.248799 7.73E-05

ad 5 0.017735 7.24E-05 22 0.092328 5.53E-05 103 0.294591 8.49E-05

a5 5 0.018758 5.37E-05 21 0.054243 8.2E-05 102 0.303128 8.29E-05

a6 5 0.020606 9.28E-05 22 0.082501 7.08E-05 104 0.283596 8.27E-05

a7 5 0.017448 8.49E-05 22 0.060351 6.48E-05 103 0.281549 9.96E-05
100,000 a1l 6 0.143677 1.1E-05 23 0.651922 8.36E-05 107 2.957521 8.57E-05
a2 6 0170244 1.24E-05 23 0.742498 9.49E-05 107 2.58559 9.73E-05

a3 6 0.131867 6.02E-06 22 0.647278 9.19E-05 105 2.523885 8.15E-05

a4 6 0136426 1.15E-05 23 0.625249 8.74E-05 107 2.552052 8.96E-05

ab 6 0162541 849E-06 23 0.652416 6.48E-05 106 2.538057 8.74E-05

a6 6 0.168431 147E-05 24 0.682688 5.59E-05 108 2.578981 8.72E-05

a7 6 0172361 1.34E-05 24 0.666882 5.12E-05 108 2.611317 7.99E-05
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Table 6: Numerical results of Problem 4.

HDDSL

NI CT

IDSL
[Fxll NI CT [ |

IDFDD

NI CT

[[£% |

1,000

al
a2
a3
ad
ab
ab
a7

11 0.00601

6 0.005123
12 0.008914
9 0.007446
12 0.004589
6 0.005202
16 0.00982

4.87E-05 18 0.009278 6.45E-05
2.81E-05 19 0.009113  8.3E-05

5.84E-05 16 0.006937 9.39E-05
6.69E-056 17 0.005503 6.44E-05
6.02E-056 18 0.005172 8.98E-05
2.77E-05 19 0.007668 5.68E-05
578E-05 25 0.010771 5.29E-05

23 0.012334
17 0.009321
27 0.009924
25 0.009966
62 0.022277
27  0.010335
39  0.015002

8.87E-05
6.99E-05
8.55E-05
7.36E-05
9.21E-05
9.17E-05
7.82E-05

10,000

al
a2
a3
ad
ab
ab
a7

12 0.039852
6 0.019763
13 0.037047
10 0.032617
10 0.032417
6 0.017417
17 0.066437

3.7E-05 20 0.037669 5.1E-05
8.87E-05 21 0.042498 6.56E-05
443E-05 18 0.049099 7.42E-05
5.08E-05 19 0.036196 5.09E-05
399E-05 17 0.042394 8.93E-05
8.76E-056 20 0.043078 8.98E-05

24E-056 26 0.047149 8.78E-05

26 0.067009
19  0.055433
30 0.073083
27 0.058444
61 0.122019
30 0.065872
40  0.07688

7.35E-05
9.06E-05
7.09E-05
9.54E-05
9.99E-05
7.61E-05
6.35E-05

100,000

al
a2
a3
ad
ab
a6
a7

13 0.298914
7 0.171232
14 0.286959
11 0.229944
8 0.151097
7 0.144951
17 0.296909

2.81E-05 21 0.351706 8.07E-05
6.74E-05 23 0.359819 5.19E-05
3.36E-05 20 0.347148 5.87E-05
3.85E-05 20 0.332691 8.05E-05
3.88E-05 17 0.308093 7.34E-05
6.65E-056 22 0.375993 7.1E-05

6.33E-06 27 0.44873 8.87E-05

28 0.581697
22 0.461627
32 0.652686
30 0.626244
63  1.24419

32 0.868389
42 0.81673

9.52E-05
7.51E-05
9.18E-05
7.91E-05
9.63E-05
9.85E-05
8.33E-05

Table 7: Numerical results of Problem 5.

HDDSL

NI CT

IDSL
[Fill NI CT [l |

IDFDD

NI CT

[ F%

1,000

al
a2
a3
ad
ab
ab
X7

10  0.008395
10  0.007966
11 0.006258
10 0.006726
11 0.005082
9 0.006061
10  0.006331

9.52E-05 21 0.009242 5.77E-05
4.72E-05 21 0.007001 5.84E-05
9.48E-05 19 0.008618 9.67E-05
7.71E-05 21 0.008077 5.92E-05

52E-056 20 0.007062 8.01E-05
3.33E-056 20 0.010393 6.83E-05
2.75E-05 21 0.006859 5.18E-05

30 0.012078
29  0.012126
32 0.018467
30 0.017134
31 0.014759
25 0.012315
28 0.011884

7.69E-05
6.82E-05
7.74E-05
6.53E-05
8.63E-05
8.88E-05
6.56E-05

10,000

al
a2
a3
ad
ab
ab
a7

11 0.050923
11 0.045862
12 0.052182
11 0.041051
12 0.059072
10 0.042105
10 0.037627

7.24E-05 22 0.048906 9.12E-05
3.59E-05 22 0.046715 9.23E-05
721E-06 21 0.04662 7.65E-05
5.86E-05 22 0.047237 9.36E-05
3.98E-05 22 0.048057 6.29E-05
2.53E-05 22 0.048966 5.4E-05

8.07E-05 22 0.053777 8.16E-05

32 0.082389
31 0.094621
35  0.094544
32 0.100286
34  0.096634
28  0.085704
30  0.08902

9.96E-05
8.84E-05
6.42E-05
8.45E-05
7.19E-05
7.37E-05
8.15E-05

100,000

al
a2
a3
ad
ab
ab
a7

12 0.340436
12 0.296061
13 0.292467
12 0.315122
13 0.26992

10 0.222806
11 0.255413

55E-056 24 0.402003 7.21E-05
2.73E-05 24 041094 7.3E-05
548E-05 23 0.39072  6.05E-05
446E-05 24 0413037 7.4E-05
3.03E-05 23 0.388943 9.94E-05
8E-05 23 0.381519 8.54E-05
6.08E-05 24 0.521528 6.45E-05

35 0.697165
34 0.811713
37 0.745469
35 0.695419
36 0.757766
30 0.624813
33 0.702426

8.26E-05
7.33E-05
8.32E-05
7.01E-05
9.32E-05
9.54E-05
6.72E-05
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Table 8: Numerical results of Problem 6.

HDDSL IDSL IDFDD
NI CT [ Full NI CT [Fell NI CT Il E I

1,000 al 9 0.007258 b5.17E-05 17 0.01007 546E-05 -  0.288954 (.223257
a2 9 0.004237 6.88E-05 15 0.009534 8.81E-05 - 0.327166 0.280343

a3 10 0.009703 6.05E-05 18 0.012275 8.25E-05 - 0310184 0.223573

a4 9 0.007728 6.77E-05 16 0.011595 8.81E-05 - 0.346968 0.238486

a5 9 0.007035 6.05E-05 18 0.010225 5.79E-05 - 0.37145  0.266009

a6 9 0.007174 7.18E-05 16 0.007221 546E-05 -  0.278931 0.263308

a7 7 0.005738 5.72E-05 14 0.005254 7.83E-05 124 0.047107 8.6E-05

10,000 a1l 5 0.020753 8.68E-05 19 0.055901 4.98E-05 - 2582012 0.019957
a2 6 0.022018 7.78E-05 17 0.050239 9.03E-05 - 2595433 0.02505

a3 7 0.026238 7.06E-05 20 0.059733 8.28E-05 - 2751142 0.019988

a4 4 0.017327 7.38E-06 18 0.075335 9.03E-05 - 2571422 0.021318

a5 7 0.026686 7.16E-05 20 0.063516 497E-05 - 2506555 0.023931

a6 6 0.024686 6.89E-05 18 0.052401 4.98E-05 - 2582045 0.02353

a7 6 0.025518 6.94E-05 14 0.042693 7.83E-05 93 0.278512 8.63E-05

100,000 al 5 0.135281 3.81E-05 21 0.569527 7.18E-05 - 21.0978 0.001773
a2 5 0.135464 6.75E-06 20 0.458992 5.6E-05 - 21.29192 0.002229

a3 6 0173664 4.13E-05 23 0.550873 5.2E-05 - 21.38213 0.001775

a4 5 0.148619 255E-05 21 0.499927 5.6E-05 - 21.21942 0.00189%4

a5 5 0146304 9.31E-05 22 0.657306 7.18E-05 -  21.22142 0.002131

a6 5 0.148733 293E-06 20 0.439507 7.18E-05 - 21.11174 0.002093

a7 4 0.140636 15E-05 14 0.320194 7.83E-05 87 2.142283 8.64E-05

Table 9: Numerical results of Problem 7.
HDDSL IDSL IDFDD
NI CT  ||[F NI CT  ||[F NI CT  ||F

1,000 al 4 0.003593 281E-05 18 0.008638 6.23E-05 44 0.013049 9.25E-05
a2 4 0.003503 3.63E-05 16 0.006238 9.71E-05 41 0.011743 8.25E-05

a3 7 0.004795 29E-05 19 0.007773 8.59E-05 49 0.020651 7.68E-05

a4 4 0.002018 4.72E-05 17 0.006284 9.87E-05 43 0.012813 9.65E-05

a5 7 0.002994 6.76E-06 19 0.007582 6.33E-05 47 0.017203 8.49E-05

a6 6 0.003444 2.15E-05 17 0.008682 9.44E-05 43 0.021896 9.54E-05

a7 5 0.003508 8.96E-05 14 0.004145 8.36E-05 35 0.012827 9.22E-05

10,000 a1l 4 0.011784 8.89E-05 19 0.037319 9.85E-05 48 0.12004 9.76E-05
a2 5 0.014811 5.75E-06 18 0.035711 7.68E-05 45 0.167162 8.7E-05

a3 7 0.020568 9.17E-05 21 0.040635 6.79E-05 53 0.13007  8.1E-05

a4 5 0.013503 7.46E-06 19 0.035666 7.81E-05 48 0.131741 7.74E-05

a5 7 0.01663 2.18E-05 21 0.042724 5.03E-05 51 0.117967 9.02E-05

a6 6 0.016562 6.8E-056 19 0.049162 747E-05 48 0.112577 7.65E-05

a7 5 0.011228 8.96E-05 14 0.028872 8.37E-05 35 0.075278 9.23E-05

100,000 al 5 0.111909 1.41E-05 21 0.278435 7.79E-05 53 0.876666 7.83E-05
a2 5 0.120333 1.82E-05 20 0.261158 6.07E-05 49 0.849232 9.18E-05

a3 8 0.133753 1.45E-05 23 0.278786 5.37E-05 57 1.10498 8.55E-05

a4 5 0.087237 2.36E-05 21 0.270465 6.17E-05 52 0.84769 8.17E-05

a5 7 0166646 69E-05 22 0.268697 7.97E-05 55 0.946469 9.52E-05

a6 7 0.117077 1.07E-05 21 0.262944 59E-05 52 0.876528 8.07E-05

a7 5 0.088781 8.96E-05 14 0.172282 8.37E-05 35 0.562445 9.23E-05
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Table 10: Numerical results of Problem 8.

NI

HDDSL
CT

Il E

NI

IDSL

CT

[l

NI

IDFDD

CT

[l

1,000

al
a2
a3
ad
ab
a6
a7

25
27
27
26
29
24
16

0.011827
0.01083
0.011541
0.01425
0.011346
0.012609
0.008257

9.9E-05
6.68E-05
8.05E-05
9.68E-05
7.81E-05
9.85E-05
6.42E-05

34
25
39
38
25
33
21

0.013644
0.009974
0.016629
0.011414
0.012756
0.012674
0.008738

7.48E-05
7.11E-05
7.12E-05
7.34E-05
9.85E-05
9.77E-05
9.99E-05

37
40
43
39
43
42
35

0.014598
0.026014
0.026974
0.020335
0.018004
0.021794
0.01418

9E-05
9.76E-05
9.2E-05
9.14E-05
8.57E-05
8.07E-05
9.44E-05

10,000

al
a2
a3
ad
ab
ab
a7

26
27
27
27
29
25
16

0.063604
0.071332
0.06353
0.089224
0.06437
0.084594
0.048434

9.43E-05
7.89E-05
6.19E-05
8.57E-05
8.23E-05
5.84E-05
5.62E-05

36
28
40
32
24
33
22

0.067588
0.057171
0.075413
0.059848
0.047676
0.0729
0.049437

8.52E-05
7.14E-05
7.91E-05
9.44E-05
6.32E-05
8.58E-05
8.96E-05

39
42
44
41
45
44
35

0.107004
0.109131
0.103635
0.101038
0.127968
0.113948
0.083353

8.51E-05
9.12E-05
8.98E-05
8.75E-05
9.05E-05
9.12E-05
9.85E-05

100,000

al
a2
a3
ad
ab
ab
a7

26
27
26
27
29
23
16

0.716189
0.705306
0.625941
0.623825
0.680253
0.613712
0.375065

7.9E-05
7 4E-05
7.7E-05
6.65E-05
7.89E-05
8.12E-05
6.98E-05

38
29
41
37
25
37
24

0.840042
0.657375
0.919964
0.837999
0.574306
0.810282
0.545617

9.79E-05
9.07E-05
7.96E-05
5.5E-05
9.75E-05
9.19E-05
6.98E-05

41
44
46
45
49
46
37

1.076758
1.078258
1.117782
1.095316
1.168136
1.103121
0.905213

9.29E-05
8.59E-05
8.29E-05
6.94E-05
6.71E-05
7.91E-05
8.79E-05

T

Figure 1: Performance profile for the number of iterations.
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Figure 2: Performance profile for the CPU time (in seconds).

7 Results and Discussion

Tables (3-10) above reported the numerical results of the three methods, where "NI" and "CT"
mean the number of iterations and the CPU time (in seconds), respectively. At the same time,
|| Fi|| is the norm of the residual at the stopping point. From the Tables (3-10), one can quickly
note that all the three methods aim to solve a nonlinear system of equations (1). However, the
effectiveness of the HDDSL algorithm was evident because it solves problems that IDFDD fails to
solve (see Problems 6). Furthermore, the HDDSL method significantly outperforms the IDSL and
IDFDD methods for nearly all the test problems examined. Because it has fewer iterations and
CPU time, which are less than those of IDSL and IDFDD methods except for Problem 2, where
the number of iterations and CPU time of the proposed method are greater than those of the IDSL
method, this is due to the contribution of the correction parameter in each iteration of the HDDSL
algorithm.

Figures (1-2) were created using the Dolan and Moré [5] performance profiles to demonstrate
the performance of each of the three methods. For each problem p € P and solver s € S, the
performance profile is obtained in term of the performance measure t, , > 0. For any pair (p, s)
of problem p and solver s, the performance ratio is given as

tp,s
s = — 2 . 59

"o, min{t, s|s € S} (59

The best solver for a particular problem reaches the lower bound r, ; = 1. If a solver s fails to meet

the convergence test for problem p, then r, , is set to infinity. The performance profile of a solver
s is defined as

1
p(T) = ;Size{p (S 7D|Tp,s S T}’ (60)
p
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where n), is the number of problems. Therefore, p(7) is the probability for solver s € S that a
performance ratio r, , is within a factor 7 € R of the best possible ratio. However, the function P
is the cumulative distribution function for the performance ratio. The fraction p(7) of problems
for which each method is within 7 of the smallest number of iterations, CPU time, and function
evaluations is plotted for this purpose.

Figures 1 and 2 show that the curves corresponding to the HDDSL method remain above the
other curves representing the IDSL and IDFDD methods. Therefore, it indicates that the pro-
posed method performs better than IDFDD and IDSL methods in fewer iterations and CPU time.
Consequently, it is the most efficient method. Finally, the proposed method successfully solves
large-scale nonlinear problems from the results in Tables (3-10).

It is essential to state the advantages of the HDDSL method had over the IDFDD, and IDSL
methods, including:

(i) The proposed method converges much faster to solutions of the problems, which is shown
by the final norm value attained for each problem,

(ii) Better performance for solving the test problems with uniform and mixed valued initial start-
ing points.

8 Conclusion

A hybrid double direction and step length method for solving a system of nonlinear equations
is presented in this work. We achieved this by modifying the method in [8] as well as approx-
imating the Jacobian matrix via acceleration parameter. Furthermore, the Picard-Maan hybrid
iterative scheme is employed to obtain the correction parameter. We used a set of large-scale test
problems to make numerical comparisons. The proposed method is an entirely derivative-free it-
erative method, which is why it successfully solved large-scale problems. Moreover, Table (3-10)
and Figure (1-2) demonstrated that the proposed method is practically quite efficient because it
has the fewest number of iterations and CPU time compared to the IDSL and IDFDD methods.
In addition, the proposed method successfully solved Problem 6, a discretized Chandrasekhar
H-equation problem arising in heat transfer. The limitations of the HDDSL method lie in the fact
that if the correction parameter 6 is assigned outside the interval (1, 2), then it takes much time to
converge and, in some instances, diverges. The idea proposed in this paper can be used to solve
monotone nonlinear equations in future research, with application in compressive sensing.
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